Algorithms have been developed for image reconstruction within a region-of-interest ͑ROI͒ from fan-beam data less than that required for reconstructing the entire image. However, these algorithms do not admit truncated data. In this work, we investigate exact ROI-image reconstruction from fan-beam data containing truncations by use of the so-called fan-beam backprojection-filtration ͑BPF͒ algorithm. We also generalize the fan-beam BPF algorithm to exploit redundant information inherent in the truncated fan-beam data. Because the parallel-beam scan can be interpreted as a special case of the fan-beam scan, based upon the fan-beam BPF algorithm, we derive a parallelbeam BPF algorithm for exactly reconstructing ROI images from truncated parallel-beam data. Furthermore, we investigate image reconstruction within two types of distinctive ROIs, which are referred to as the peripheral and central ROIs, respectively, from fan-beam data containing truncations and discuss their potential clinical applications. The results can readily be generalized to reconstructing 3D ROI images from data acquired in circular and helical cone-beam scan. They can also be extended to address ROI-image-reconstruction problems in parallel-, fan-, and cone-beam scans with general trajectories. The work not only has significant implications for clinical and animal-imaging applications of CT, but also may find applications in other imaging modalities.
I. INTRODUCTION
In fan-beam computed tomography ͑CT͒, the entire image over its compact support enclosed by the field of view ͑FOV͒ of the CT system can be reconstructed exactly from full-or short-scan data. [1] [2] [3] In many CT applications, however, one often is interested in an image only within a region-ofinterest ͑ROI͒. In this situation, it is desirable to reconstruct the image within the ROI only from data less than that required otherwise for reconstructing the entire image. Algorithms have been developed for ROI-image reconstruction from data acquired over an angular range less than that in a short scan. 4, 5 These algorithms, which we refer to as the filtered-backprojection͑FBP͒-based algorithms, however, demand that data acquired at each projection view within the scanning angular range remain untruncated. This is generally equivalent to requiring that the image support is enclosed completely by the FOV of the system. This restriction on the data acquisition not only prevents dose reduction of radiation delivered to the subject at each projection view, but also can severely limit the size of the reconstructible ROI.
The FBP-based algorithms reconstruct the ROI image by filtering fan-beam data followed by the backprojection of the filtered data. 4, 5 Recently, we have developed an alternative algorithm for image reconstruction within an ROI from truncated fan-beam data. 6 This alternative algorithm is referred to as the backprojection-filtration ͑BPF͒ algorithm because it performs the data backprojection followed by the filtration of the backprojection. In this work, we investigate the fan-beam BPF algorithm for ROI-image reconstruction and generalize it to exploit redundant information inherent in the truncated fan-beam data. Furthermore, we investigate image reconstruction within two types of distinctive ROIs, which are referred to as the peripheral ROI and the central ROI, respectively, from data containing truncations and its potential clinical applications. Additional clinical and other applications of the fan-beam BPF algorithms for ROI-image reconstruction from truncated data can readily be derived. Recently, investigation has been conducted on 2D ROI-image reconstruction from truncated parallel-beam data. 7 In the work presented here, we also show that a parallel-beam BPF algorithm can readily be obtained as a special case of our fan-beam BPF algorithm because the parallel-beam projection can be interpreted as a special case of the fan-beam projection with an infinitely large focal length.
We organize the paper as follows. In Sec. II, we develop the fan-beam BPF algorithm, generalize it to incorporate redundant data information, and discuss reconstructions of ROI images from data containing truncations. In Sec. III, we introduce two types of distinctive ROIs ͑i.e., the peripheral and central ROIs͒ and discuss the image reconstruction in these ROIs and its potential clinical applications. In Sec. IV, we present the results of the numerical studies to demonstrate the exact ROI-image reconstructions by use of the BPF algorithms in fan-beam CT. In Sec. V, we make remarks about the fan-beam BPF algorithms and their implications for clinical and other applications.
cone-beam CT, 8, 9 one can develop a fan-beam BPF algorithm for exact image reconstruction within an ROI from data containing truncations. 6 For simplicity, we consider a fan-beam scan over a portion of a circular source trajectory, as shown in Fig. 1 . However, the results can readily be generalized to other trajectories.
A. PI-line segments in a fan-beam scan
The concept of PI lines plays an important role in image reconstruction from helical cone-beam data, [10] [11] [12] and it has been generalized to image reconstruction from fan-beam data. 5 In fan-beam scan, a PI-line segment is a straight line segment joining two points labeled by the scanning angles 1 and 2 on the source trajectory, as shown in Fig. 2͑a͒ . We use x to denote the coordinate of a point on the PI-line segment and refer to ͑x , 1 , 2 ͒ as the PI-line coordinates. Let min and max denote the starting and ending angles of the source trajectory. It can be observed 5 that region ⍀ R enclosed by the source trajectory and by the PI-line segment, which is specified by min and max , can be filled completely by nonintersecting PI-line segments. In Fig. 2͑b͒ , we display a set of parallel ͑i.e., nonintersecting͒ PI-line segments that can fill completely the region ⍀ R . Therefore, each point within ⍀ R belongs to one and only one of these parallel PI-line segments. We define the direction of the PI line as
The relationship between the fixed coordinates ͑x , y͒ and the PI-line coordinates ͑x , 1 , 2 ͒ is determined by
where t ͓0,1͔ is related to x through
Therefore, x = 0 indicates the middle point of the PI-line segment. In the fixed-coordinate system, the source trajectory r 0 ͑͒, can be expressed as
It is also beneficial to introduce a rotation-coordinate system ͕u , w͖ for characterizing data on the detector. We assume that r 0 ͑͒ is the origin of the rotation-coordinate system. For a rotation angle in the fixed-coordinate system, as shown in Fig. 2͑c͒ , the unit vectors along the u and w axis can be written as ê u ͑͒ = ͑−sin , cos ͒ T and ê w ͑͒ = ͑cos , sin ͒ T . Furthermore, the fixed and rotation coordinates, ͑x , y͒ and ͑u , w͒, of a point within ⍀ R are related through
Without loss of generality, consider a line detector that is always parallel to ê u ͑͒ and that is at a distace S from the source. We use u d as the coordinate of a point on the detector and can show that
B. The fan-beam BPF algorithm for image reconstruction on a PI-line segment
As discussed above, the PI-line coordinates ͑x , 1 , 2 ͒ determine a point on the PI-line segment, specified by 1 point x on the PI-line segment. We assume that f ͑x , 1 , 2 ͒ has a compact support on the PI-line segment, i.e., f ͑x , 1 , 2 ͒ = 0 for x ͓x 1 , x 2 ͔, where x 1 and x 2 indicate the coordinates of the two ending points of the PI-line segment, which can be obtained by using t = 0 and 1 in Eq. ͑3͒. It can be observed that a fan-beam scanning configuration can be obtained from a helical cone-beam configuration by letting the pitch and cone angle be zero in the latter. Therefore, following the steps for deriving the 3D BPF algorithm for helical cone-beam scan, 8, 9 we can obtain the fanbeam BPF algorithm, 6 which is given by
where x ͓x 1 , x 2 ͔, D͑r 0 ͑ 1 ͒ ,ê ͒ denotes the integration of the object function over the PI-line segment and thus can be obtained directly from the data because it is identical to the projection over the ray that coincides with the PI-line segment. 8, 9 Here, g ͑x Ј , 1 , 2 ͒ denotes the backprojection image on the PI-line segment and is expressed as
the unit vector ␤ ͑u d , ͒ indicates the direction of the projection ray onto the detector at u d , P͑u d , ͒ denotes the fanbeam projection at point u d on the detector collected at view , rЈ = ͑xЈ , yЈ͒ T is determined by using ͑x Ј , 1 , 2 ͒ in Eqs. ͑2͒ and ͑3͒, and u d Ј is in turn computed by using the determined ͑xЈ , yЈ͒ in Eqs. ͑5͒ and ͑6͒. We refer to Eq. ͑7͒ as the fanbeam BPF algorithm for image reconstruction on a PI-line segment.
C. The weighted fan-beam BPF algorithm and data redundancy
According to the fan-beam BPF algorithm discussed above, for a PI-line segment specified by 1 and 2 , the necessary scanning angular range is ͓ 1 , 2 ͔, as shown in Fig. 3͑a͒ . We now consider an actual scanning angular range ͓ min , max ͔, as shown in Fig. 3͑b͒ . If ͓ 1 , 2 ͔ ʕ ͓ min , max ͔, data acquired over the angular ranges ͓ min , 1 ͒ and ͑ 2 , max ͔ contain redundant information with respect to the image reconstruction on the PI-line segment specified by 1 and 2 .
The fan-beam BPF algorithm described in Sec. II B reconstructs the image on this PI-line segment by use of data only over ͓ 1 , 2 ͔, and data over ͓ min , 1 ͔ and ͑ 2 , max ͒ are not utilized. Such redundant information can readily be incorporated into the fan-beam BPF algorithm. The key is to appropriately weight data acquired over the actual scanning angular range ͓ min , max ͔ so that the contribution to the image on the PI-line segment from the redundant portions of the acquired data are adequately normalized.
In the Appendix, we show that the backprojection that exploits the redundant information inherent in data is given by 
D. The parallel-beam BPF algorithm for image reconstruction on a PI-line segment
It is well-known that the parallel-beam configuration can be obtained as a special case of the fan-beam configuration by letting the focal length become infinitely large. Using this observation in the fan-beam BPF algorithm, we can readily obtain a parallel-beam BPF algorithm for image reconstruction on a PI-line segment. Clearly, the Hilbert transform on a finite interval in Eq. ͑7͒ is not affected explicitly by the change of the focal length, and only the expression of the backprojection in Eq. ͑8͒ will be affected.
In a fan-beam scan, because the focal length is finite, a PI-line segment specified by 1 and 2 is also finite, and, for image reconstruction on this PI-line segment, it is necessary to acquire data over an angular range ͓ 1 , 2 ͔. In contrast, in a parallel-beam scan, because the focal length is infinitely large, the PI-line segment is also infinitely long. The implication of this fact is that, for image reconstruction on any PI-line segment in a parallel-beam scan, the scanning angular range will always be . Therefore, in a parallel-beam scan, it is no longer meaningful to use 1 and 2 for indexing a PI-line segment. Instead, other indices should be used. In this work, we will use a pair of indices l and ␣ to specify a PI-line segment in a parallel-beam scan, where l indicates the distance of the PI-line segment to the center of rotation, and ␣ denotes the orientation of the PI-line segment. Therefore, in a parallel-beam scan ͑x , l , ␣͒ forms the PI-line coordinates. As shown in Fig. 4͑a͒ , the relationship between the fixed coordinates ͑x , y͒ and the PI-line coordinates ͑x , l , ␣͒ can readily be obtained as
In a parallel-beam scan, the origin of the rotation-coordinate system ͕u , w͖ is at the center of rotation of the source, as shown in Fig. 4͑b͒ . For a point in the image space, its fixed coordinates ͑x , y͒ and rotation coordinates ͑u , w͒ are related through
The coordinate u d of a point on the detector is determined by
Furthermore, in a parallel-beam scan, because the focal length can be interpreted as being infinitely large, it can be shown that the first and third terms in Eq. ͑8͒ disappear and that the parallel-beam backprojection g
where P͑u d Ј, ͒ should now be interpreted as the parallelbeam data, and ␣ depicts the orientation of the selected parallel PI-line segments. In Eq. ͑13͒, u d Ј is determined from the given ͑x Ј , l , ␣͒ by use of the relationships in Eqs. ͑10͒-͑12͒.
Therefore, the use of Eq. ͑13͒ in Eq. ͑7͒ forms the parallelbeam BPF algorithm for image reconstruction on a PI-line segment specified by l and ␣.
It is also interesting to notice that, because any PI-line segments in a parallel scan are infinitely long, they all require the same scanning angular range, which is . Therefore, unlike the situation in a fan-beam scan, for any PI-line segments in a parallel-beam scan, data acquired over the scanning angular range contain no redundant information. FIG. 4 . ͑a͒ The PI-line coordinates ͑x , l , ␣͒ in a parallel-beam scan. ͑b͒ The fixed-coordinate system ͕x , y͖ and the rotation-coordinate system ͕u , w͖. The origins of both systems are at the center of rotation. ͑c͒ Region ⍀ R is filled by a set of parallel support-sections, which are the portions of a set of parallel PI-line segments within ⍀ R . The orientation of this set of parallel support-sections is determined by ␣ = 90°.
III. ROI-IMAGE RECONSTRUCTION FROM TRUNCATED FAN-BEAM DATA
Using Eq. ͑7͒, we can derive explicit data-sufficiency conditions for exact image reconstruction on a PI-line segment by use of the fan-beam BPF algorithms. The data-sufficiency condition should address two issues. The first issue concerns the sufficient scanning angular range, whereas the second issue relates the sufficient illumination at each scanned view. Despite the fact that the first issue has previously been investigated extensively, it is the second issue that has much less thoroughly been explored. For a PI-line segment specified by 1 and 2 , as the upper and lower limits of the integration over in Eq. ͑8͒ show, data are necessarily scanned over the angular range ͓ 1 , 2 ͔, which is identical to that required by the existing FBP-based algorithms. 4, 5 As discussed below, however, the existing FBP-based and BPF algorithms impose fundamentally different sufficiency conditions on data at individual projection view within the scanning angular range.
A. Data-sufficiency condition at individual projection view
For image reconstruction on a PI-line segment specified by 1 and 2 , the FBP-based algorithms require that the support of the entire image is completely covered by the fanbeam illumination at all of the scanning views in ͓ 1 , 2 ͔ so that the projection data contain no truncations. In this situation, it is equivalent to requiring that the support of the entire image is enclosed by the FOV of the fan-beam scan. On the other hand, as discussed below, our fan-beam BPF algorithms impose a much weaker condition on projection data at each projection view than do the existing FBP-based algorithms, thus allowing for exact ROI-image reconstruction from truncated data.
Considering a fan-beam scan covering an angular range ͓ min , max ͔, we use ⍀ R , as shown in Fig. 2͑b͒ , to denote the region enclosed by the source trajectory and by the PI-line segment connecting min and max . We first discuss the datasufficiency condition for image reconstruction on a PI-line segment specified by 1 and 2 , where ͓ 1 , 2 ͔ ʕ ͓ min , max ͔. Let x v 1 and x v 2 denote the coordinates of the two ends of the section of the PI-line segment within the image support. We refer to this section, specified by ͓x v 1 , x v 2 ͔, of the PI-line segment as the support section, and thus have
It should be noted that the endpoints x v 1 and x v 2 of the support section generally differ from the endpoints x 1 and x 2 of the corresponding PI-line segment. In particular, because the image support is within ⍀ R , we have that
Considering Eqs. ͑14͒ and ͑15͒, it can be concluded that the image reconstruction on a PI-line segment is equivalent to the image reconstruction only on its support section. Therefore, Eq. ͑7͒ becomes
where x ͓x v 1 , x v 2 ͔. It can be seen from Eq. ͑16͒ that the image on the support section can be reconstructed exactly from knowledge of the backprojection g ͑x Ј , 1 , 2 ͒ at x Ј ͓x v 1 , x v 2 ͔. Such knowledge can be obtained from data only on the projections of the support section onto the detector array at all scanning views ͓ 1 , 2 ͔. Therefore, for a PI-line segment specified by 1 and 2 , as long as the projections of its corresponding support section at views ͓ 1 , 2 ͔ are available, the image on the support section can be reconstructed exactly, even if the entire support of the image is not covered completely by the fan-beam illumination at these projection views.
Based upon the data-sufficiency condition discussed above for exact image reconstruction on a support section, we can readily derive the data-sufficiency condition for image reconstruction within an ROI: for a given ROI, we determine the support sections that completely fill the ROI. As discussed above, we can first determine the data-sufficiency condition for exact image reconstruction on each of these support sections. The data-sufficiency condition for exact image reconstruction within the ROI is thus the union of the data-sufficiency conditions for the entire set of support sections that completely fill the ROI. Below, we use two distinctive ROIs, which we refer to as the peripheral and central ROIs, to illustrate such data-sufficiency conditions for exact ROI-image reconstruction.
B. Image reconstruction in a peripheral ROI from truncated fan-beam data
A peripheral ROI is a portion of the image support within which the boundary of the image is continuous. As an example, in Fig. 5 the region enclosed by the thick curve forms a peripheral ROI. Clearly, some of the organs can also form peripheral ROIs. In order to determine the data-sufficiency conditions for exact image reconstruction within this ROI, we break it down to a set of parallel support sections, indicated by the solid line segments within the semicircle, which are the sections of the parallel PI-line segments within the ROI. Therefore, image reconstruction within the peripheral ROI is tantamount to that on these support sections. It can be seen that the image reconstruction on the PI-line segment connecting points A and C requires the largest angular scanning range ͓ min , max ͔. Obviously, the scanning angular ranges for all of the support sections within the ROI are subsets of ͓ min , max ͔. Therefore, data acquired over the scanning angular range ͓ min , max ͔ contain sufficient infor-mation for exactly reconstructing the image on other support sections within the ROI.
Having determined the condition on the sufficient scanning angular range, we now analyze the data-sufficiency condition on the fan-beam illumination at each projection view within the scanning angular range. As discussed above, the fan-beam BFP algorithm requires data available only on the projections of the support sections at views ͓ min , max ͔. Such data can be obtained as long as the ROI is always covered by the fan-beam illumination at these scanning views. Therefore, the fan-beam illumination can be restricted to cover only the ROI. As the fan-beam illumination at two scanning views B and C in Fig. 5 displays, although the projection data are truncated at these scanning views, they do contain data over the projections of the support sections and thus sufficient information for exact image reconstruction within the peripheral ROI. It should be noted that the open angle of the fan-beam illumination at each projection view can be varied to cover only the peripheral ROI. Therefore, by doing so, the dose delivered to the patient at the scanning views can be reduced.
C. Image reconstruction in a central ROI from truncated fan-beam data
Unlike the peripheral ROI in which the boundary of the subject is continuous, the boundary of the subject within a central ROI is discontinuous. A direct and important application of exact image reconstruction in a central ROI is for imaging of the heart or spine. In this situation, for patients of large sizes, their shoulders could be outside the FOV of the CT system, leading to data truncations at certain projection views. Ad hoc algorithms have been utilized to correct for the image artifacts caused by such data truncations. 13, 14 However, these algorithms are inherently approximate and yield images within the central ROI that may still be contaminated by the data-truncation artifacts. As illustrated below, the fan-beam BPF algorithms can reconstruct exactly the image within a central ROI in which the organs such as the heart and spine are situated. Conversely, if only the central ROI containing the heart or spine of interest, the fanbeam BPF algorithms allow for the use of a fan-beam illumination that covers only the central ROI but does not necessarily cover the entire cross section of the torso, resulting in a reduction of radiation dose. In fact, the same strategy can also allow for imaging of other central organs such as the prostate and cervix without being limited by data truncation for large patients, and with greatly reduced x-ray dose delivered to the patient by using a fan-beam illumination with a varying open angle.
In Fig. 6 , we show the central ROI within a torso cross section, indicated by the area enclosed by the thick curve within the FOV. Obviously, the boundary of the subject within this ROI is discontinuous, and the projection at view B is truncated. Again, in order to determine the datasufficiency conditions for exact image reconstruction within this central ROI, we break it down to a set of parallel support sections, indicated by the vertical, parallel line segments within the region enclosed by the thick curve, which are the sections of a set of parallel, vertical PI-line segments within the central ROI. Therefore, image reconstruction within this ROI is tantamount to that on these support sections. It can be seen that image reconstruction on the PI-line segment connecting points A and C requires the largest angular scanning range, which is denoted as ͓ min , max ͔. Obviously, the scanning angular ranges for other support sections within the ROI are subsets of ͓ min , max ͔. Therefore, data acquired over the scanning angular range ͓ min , max ͔ are sufficient for exact image reconstruction on other support sections within the central ROI. We now analyze the data-sufficiency condition on the fanbeam illumination at each projection view within the scanning angular range ͓ min , max ͔. As discussed above, the fanbeam BPF algorithms require data only on the projections of the support sections at views ͓ min , max ͔. Such data can be obtained as long as the ROI is always covered by the fan-beam illumination at these scanning views. Therefore, the fan-beam illumination can be restricted to cover only the ROI. As the fan-beam illumination at scanning view B in Fig. 6 displays, even though the projection data are truncated by the shoulders, they do contain data over the projections of the support sections and thus sufficient information for exact image reconstruction within the central ROI.
D. ROI reconstruction from truncated parallel-beam data
Because the parallel-beam scan can be interpreted as a special case of the fan-beam scan by letting the focal length of the latter be infinitely large, the data-sufficiency condition discussed and the analysis of ROI reconstruction above are directly applicable to image reconstruction within a peripheral ROI or a central ROI from truncated parallel-beam data.
In the parallel-beam situation, the source trajectory has an infinitely large radius, and thus the length of any PI-line segment is also infinitely long. Consequently, the scanning angular range necessary for image reconstruction on each PI-line segment becomes . However, because the physical image considered always has a compact support, the intersection of the PI-line segment with the support of the image has a finite length. This intersection of finite length is again referred to as the support section. Furthermore, based upon Eq. ͑7͒ in Sec. III A the data-sufficiency condition was derived for a fan-beam scan at individual projection views. Because Eq. ͑7͒ remains identical for both fan-beam and parallel-beam scans, the data-sufficiency condition at individual projection views in a parallel-beam scan is identical to that in a fan-beam scan. Specifically, as long as the parallelbeam illumination covers the support section at views over , the parallel-beam projection data are sufficient for exact image reconstruction on the support section.
In order to derive the data-sufficiency conditions for image reconstruction in a peripheral ROI or a central ROI from truncated parallel-beam data, similar to the fan-beam case discussed above, the ROI is broken into parallel support sections. For each of these support sections, we can determine the data-sufficiency condition on the parallel-beam illumination at individual views over . The union of these conditions for support sections forms the data-sufficiency condition for the ROI. Therefore, as long as the ROI is always covered by the parallel-beam illumination at all of the views over , the projection data contain sufficient information for exact image reconstruction within the ROI. We show in Figs. 7͑a͒ and 7͑b͒ the parallel-beam illumination of a peripheral ROI and a central ROI, respectively, with a varying beamwidth. It can be observed that data truncations occur in these situations. However, these truncated projection data indeed contain sufficient information for exact image reconstruction within these ROIs.
IV. NUMERICAL STUDIES
We have performed computer-simulation studies to demonstrate exact image reconstruction in peripheral and central ROIs from truncated fan-beam and parallel-beam data by use of the developed BPF algorithms.
A. Image reconstruction in a peripheral ROI from truncated fan-beam data
For the peripheral ROI in the breast phantom shown in Fig. 5 , we used a circular fan-beam configuration with the center of rotation at point O. The source trajectory has a radius of R = 57.0 cm and the one-dimensional ͑1D͒ detector array is at S = 100.5 cm from the source point. The 1D detector array consists of 512 elements, each of which has a size of 2.1 mm. For the peripheral ROI, the starting and ending angles of the actual scanning angular range are min = 0.20 FIG. 7 . ͑a͒ The breast phantom displayed in Fig. 5 and ͑b͒ the chest phantom displayed in Fig. 6 , respectively. In ͑a͒, only the peripheral ROI is always covered by the parallel-beam illumination with a varying width. In ͑b͒, only the central ROI is always covered by the parallel-beam illumination with a varying width. and max = 1.11, respectively. Using this configuration and the breast phantom in Fig. 5 , we generated projection data by use of a fan-beam illumination with a varying open angle so that only the peripheral ROI is always covered by the fanbeam illumination at each of the 466 scanning views uniformly distributed over ͓0.20 , 1.11͔. We display the generated fan-beam data in Fig. 8͑a͒ in which the vertical and horizontal axes indicate the scanning angle and the detector element, respectively. It can be observed that this set of data contains significant truncations at all of the scanning views.
As discussed above, despite the fact that data in Fig. 8͑a͒ are severely truncated, they do contain sufficient information for exact image reconstruction within the peripheral ROI because the fan-beam illumination covers the peripheral ROI for all of the scanning views in ͓0.20 , 1.11͔. From this set of data, we reconstructed the breast image within the peripheral ROI by use of the fan-beam BPF algorithm. For the purpose of comparison, we first show in Fig. 8͑b͒ the true image within the peripheral ROI. The reconstructed breast image within the peripheral ROI is displayed in Fig. 8͑c͒ . Clearly, the fan-beam BPF algorithm can reconstruct exactly the image within the peripheral ROI. In an attempt to demonstrate the noise properties in the peripheral ROI image, we also generated noisy data by adding Gaussian noise to the noiseless projections. The standard deviation of the Gaussian noise is 1% of the maximum value of the noiseless projections shown in Fig. 8͑a͒ . We display in Fig. 8͑d͒ the reconstructed breast image within the ROI from the set of noisy data.
B. Image reconstruction in a central ROI from truncated fan-beam data
For the central ROI in the torso phantom shown in Fig. 6 , we also used a circular fan-beam configuration with the center of rotation at point O. The source trajectory has a radius of R = 57.0 cm and the 1D detector array is at S = 100.5 cm, consisting of 512 elements, each of which has a size of 2.1 mm. For the central ROI enclosed by the thick curve in Fig. 6 , we determined that the starting and ending angles of the actual scanning angular range are min = 0.38 and max = 1.62, respectively. Using this configuration and the torso phantom in Fig. 6 , we generated projection data by use of a fan-beam illumination with a fixed open angle that covers the central ROI at each of the 635 scanning views uniformly distributed over ͓0.38 , 1.62͔. We display the generated fan-beam data in Fig. 9͑a͒ , in which the vertical and horizontal axes indicate the scanning angle and the detector element, respectively. It can be seen that this set of data contains significant truncations at some of the scanning views.
In this situation, again, despite the fact that the projections are truncated, they do contain sufficient information for exact image reconstruction within the central ROI because the fan- Fig. 9͑c͒ . This result suggests that the fan-beam BPF algorithm can reconstruct exactly an image within the central ROI from truncated data. Again, in an effort to demonstrate the noise properties in the central ROI image reconstructed from truncated fan-beam data, we added to the noiseless data in Fig. 9͑a͒ Gaussian noise with a standard deviation, which is 1% of the maximum value of the noiseless data in Fig. 9͑a͒ . We show in Fig. 9͑d͒ the reconstructed torso image within the central ROI from the noisy data.
C. Image reconstruction in ROIs from truncated parallel-beam data
Finally, as shown in Figs. 7͑a͒ and 7͑b͒ , two parallelbeam configurations were obtained by letting the focal lengths of the two fan-beam configurations described in Secs. III B and III C become infinitely large. We subsequently generated truncated parallel-beam projections by use of these two configurations and apply the parallel-beam algorithm described in Sec. II D to the generated data for reconstructing images in the peripheral and central ROIs shown in Figs. 7͑a͒ and 7͑b͒ . The reconstructed images are shown in Figs. 10͑a͒ and 10͑c͒ . We have also reconstructed images within the peripheral and central ROIs from the corresponding noisy, truncated parallel-beam data. The reconstructed images are shown in Figs. 10͑b͒ and 10͑d͒ , respectively.
V. CONCLUSION
In this work, we have investigated exact image reconstruction within two types of distinctive ROIs, namely, the peripheral and central ROIs by use of our fan-beam BPF algorithms from truncated data in fan-beam CT. In an attempt to exploit the redundant information in fan-beam data for a specific PI-line segment, we have developed a weighted fan-beam BPF algorithm. To demonstrate the proposed fanbeam BPF algorithms, we have applied them to two potentially important clinical imaging problems that may arise in breast imaging and cardiac imaging. Results in these numerical studies indicate that our fan-beam BPF algorithms can reconstruct exactly images within the peripheral and central ROIs from truncated fan-beam data. In addition to the two potential applications, the fan-beam BPF algorithms developed can be applied to other clinical tasks for imaging of other organs such as the brain, cervix, and prostate. They can also find important industrial applications. Because the parallel-beam scan can be interpreted as a special case of the fan-beam scan, we have also derived a parallel-beam BPF algorithm from our fan-beam BPF algorithm and have performed a numerical study to demonstrate the performance of the parallel-beam BPF algorithm.
The results in this work were obtained by assuming a straight-line detector array. However, they can readily be generalized to a curved detector array. The fan-beam BPF algorithm was derived following the same strategy for obtaining our 3D BPF algorithm 8 for 3D image reconstruction in helical cone-beam CT, and our 3D BPF algorithm can also reconstruct exactly images in 3D ROIs from helical conebeam data containing truncation. Furthermore, because a circular cone-beam scan can be obtained from the helical conebeam scan by letting its pitch be zero, the BPF algorithms can also be derived for ROI-image reconstruction from truncation data acquired with a circular cone-beam scan. Finally, it is possible to generalize the 3D BPF algorithm to helical cone-beam scan with a variable pitch and a variable radius. By letting the pitch be zero in this case, we can derive the BPF algorithms for a cone-beam scan with a noncircular source trajectory. Furthermore, by letting the cone angle be zero, we can obtain BPF algorithms for a fan-beam scan with a noncircular source trajectory. It should be pointed out that the BPF algorithms for other nonplanar orbits can also be devised. All of these algorithms can be applied to reconstructing ROI images from truncated data. We will report the results on these issues elsewhere.
As demonstrated above, the fan-beam BPF algorithms can reconstruct exactly the image within an ROI from data containing severe truncations. Such a property can be exploited for drastically reducing radiation dose to the imaged human or animal subject. Therefore, our work may have significant implications for clinical, animal-imaging, and other applica- FIG. 10 . ͑a͒ and ͑b͒ The breast images within the peripheral ROI reconstructed from the noiseless and noisy truncated parallel-beam data acquired with the configuration shown in Fig. 7͑a͒ . ͑c͒ and ͑d͒ The torso image within the central ROI reconstructed from the noiseless and noisy truncated parallel-beam data acquired with the configuration shown in Fig. 7͑b͒. tions of CT. Because the BPF algorithms admit data truncation resulted by the change of the open angle of the x-ray illumination, it may find important application in tomotherapy in which the open angle of the fan beam is intentionally adjusted to minimize the radiations from different views to the patient. [15] [16] [17] The developed fan-beam and parallelbeam BPF algorithms can also find applications in other areas. For example, they can be applied to reconstructing ROI image in electron paramagnetic resonance imaging ͑EPRI͒, thus considerably reducing the imaging time in EPRI. 18, 19 
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APPENDIX: THE WEIGHTED FAN-BEAM BPF ALGORITHM
The fan-beam BPF algorithm and the weighted fan-beam BPF algorithm are mathematically equivalent if Eqs. ͑8͒ and ͑9͒ are mathematically equivalent. Therefore, our task here is to demonstrate the equivalence between Eqs. ͑8͒ and ͑9͒. It has been shown in Ref. 5 that the backprojection in Eq. ͑8͒ can also be written as
where the unit vector ␤ indicates the direction of the projection ray onto the detector at u d . In Appendix A of Ref. 5 , it has been proven ͓see Eq. ͑40͒ in Ref. where
and S is the distance between the detector and the source. Following the same strategy for proving Eq. ͑A2͒, one can also obtain dЈ d = ͓r 0 ͑Ј͒ − r͔ · ê u ͑Ј͒ ͓r 0 ͑͒ − r͔ · ê u ͑͒ . ͑A4͒
Combining Eqs. ͑A2͒ and ͑A4͒, it can readily be shown that
For a given , one can define
It can be shown that u d = ͑͒. We also define u d Ј= ͑Ј͒.
Therefore, it can be shown that
͑A7͒
In an attempt to streamline the notations to be used in the proof below, we also define an angle ͑͒ as tan ͑͒ = ͑͒ S . ͑A8͒
Let min and max denote the starting and ending angles of the source trajectory. We use a and b to denote a = ͑ min ͒ and b = ͑ max ͒. ͑A9͒
We now introduce a weighting function ͑u d , ͒, satisfying ͑A13͒ can be re-expressed as
͑A15͒
Substituting Eqs. ͑A14͒ and ͑A15͒ into Eq. ͑A13͒ yields
͑A16͒
In a fan-beam scan, it can be shown that the projections satisfy 
͑A22͒
Therefore, Eqs. ͑A1͒ and ͑A12͒, and thus Eqs. ͑8͒ and ͑9͒, are mathematically equivalent. Consequently, the fan-beam BPF algorithm and the weighted fan-beam BPF algorithm are mathematically equivalent.
a͒
